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THEORETICAL ANALYSIS OF THE ROLLING MOTIONS 03' AIRCRAFT USING 

By Howard 3. C u r f m a n ,  Jr. 

SUMMARY 

A general analysis is  presented which allows the amplitude and period 
of the steady  rolling  oscFllations of a i r c ra f t  using ' the displacement-plus- 
rate  response,  fliclo4Ftype autcanatic r o l l   s t a b i l i z a t i o n  system to be 
detemimd.  It is sham that the inertia, dmnping, and control  charac- 
t e r f s t i c s  of the   a i rc raf t  fn roll and the lag time and rate factor  of the 
atrtomatic  system aze su f f i c i en t   t o  define these rol l ing  osci l la t ions,  and 
charts are presented f r o m  which the amplitude and period of the resultant 
steady  oscil lations may be found. The addition of the rate-senaitive .- 

element to   the  displacemnt  response, flicker-type system reduces the 
amplitude and increases the  frequency of the steady-atate  oscillations. 
Because  of the fnherent resfdual oscil latione,  this system may not be 
considered  ideal  for many s tab i l iza t ion  problem; however, this flicke- 
type system  appears t o   o f f e r  a simple so l~r t ion  to those  applications where 
steady  roll ing  oscfllationa may not be objectionable. Current trenda i n  

roll stabi l izat ion with amall amplitude residual oscil lations.  Close agree 
merit is shown t o  exist between the theoret ical  results and roll-eimulator 
tests. 

L 

- 

. gilot less-aircraf t  desigm indicate that the subject  system can provide 

IHI'RODUCTION 

The stabi l izat ion of a i r c ra f t  in r o l l  by meana of automatic  control 
is one of the important problem existing fn the field of pilotless-aircraft  
research. This paper, like reference 1, hae as its Furpose the study of a 
particular  type of automatic  control system and its adaptabili ty t o  providing 
roll stabi l izat ion In terma of the conventional  aircraft  parameters. 

The automatic r o l l   s t a b i l i z a t i o n  system considered herein is the 
displacemnt-plus-rate response, flicke-type  autoanatic pf lot .  In th i s  s y s t e m  
the sense of the control moment is &-dent M both the angular displace- 
ment and the r a t e  of displacement  from a given  reference. The control 
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moment i s  considered t o  be constantly  applied  in  ei ther one direction o r  
the other at all times; hence, the name f l icker - typ  system. It is 
recognized that the  continuous  application of the control moment may not 
be idea l   for  many s tab i l iza t ion  problems; however, mch a system may prove 
an economic and eimple solution  to  those  applications where residual 
osci l la t ions of emall magnitude are not  objectionable. 

The a i r c ra f t  and the auLomatic control  system  wrameters which affect  
the rolling motions of &z1 a i r c ra f t  are  found by considering t h e  a i r c ra f t  as 
a single-degree-of-freedom  system in ro l l   cont ro l led  by the  automatic pilot. 
Charts are presented from which the amplitude and period of t h e  resul t ing 
steady-etate rolling osci l la t ions may be found. Roll-simulator t e s t s  
em&loying a sub3ect  automatic r o l l  s tab i l iza t ion  eystem are included t o  
show the agreement between this theoret ical  approach and the  experimental 
resu l t s .  

snmols  

angle of bank, radians 

aqpdar roll ing  velocity,  radians pep second (d@/at) 

m m n t  of i ne r t i a  about longitudinal -is of a i r c ra f t ,  slW3-feet2 

ro l l ing  molnent i n  general and control momSnt i n   p r t i c u l a r ,  foot- 
poUlldS 

r a t e  of change of rolling molnent Kith angular roll ing  velocity,  
foot-rpounde per radian psr second (&/aP) 

combined different ia l   def lect ion of ailerons,  radians 

rate of change of ro l l ing  moment with  aileron  deflection,  foot- 
pounds p r  radian (&/&) 

control molnent, foot-pounds ( L )  

tirc4, seconds 

time increments measured from translated time origlns, scconda 

time lag i n   o p r a t   i o n  of the servomotor,  seconds 

dmpinptc+lnert ia rat io, pr  second ( f ) 
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nondimensiod lag factor  (a.) 

proportional rate factor  of subs id i aq  feedback loop, radians per 
radias per second (see appendix, equation (8) 1 

nondimensioa rate factor  (a) 
angular output  of the different ia tor ,  radians (+p) 

maximum angular roll ing  velocity,  radiazas per second 

fractions of & 

servomotor owrat ing error, radians (see ap-pendix, equation ( 6 ) )  

reference bank angle, radians (coneidered as zero  herein) 

amplitude  of steadpetate rolling osci l la t ions ( o a f  t o t a l  
displacement), radians 

amplitude of steady”etate  rolling oscXUatiant3 when R = 0 , (that is, 
fo r  the displacement  respanse, f1ickeSty-p system),  radians 

nondimensional  amplitude factor (LIx/Lp2) 

period of the ateady-state  rolling oscillations, seconds 

natural logarithm 

base of natural logarithm (2.7183) 

Numerical subscripts refer t o  time limits (see appendix). 

DESCRIPTION OF THE: AUTOMATIC STABILIZATION SYSTEM 

In general,  the displacement-plus-rate reeponse, flicker-type  automatic 
r o l l   s t a b i l i z a t i o n  system i s  shown as a block diagram in figure 1 and 
o p r a t e s  as follows: The detecticrn  of an e r ror  e causes  the servomotor t o  
oparate the controls t o  apply a constant  rolling moment t o   t h e   a i r c r a f t .  Tha 
sense of this ro l l ing  mownt L is dependent upon the sign of E. A d i f f e p  
ent ia tor  whose output is an angle proportional t o  the rol l ing  veloci ty  of t b  
aircraf t  forms a subsidiary  or parallel feedback loop. The angular displace- 
ment of the a i r c ra f t  in r o l l  is also detected  throu&  another  feedback loop. 
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The two summing devices  determine the difference between actual angle of 
bank, the angular output of the different ia tor ,  and the  reference, 95, 
thus  forming  the  error E causing  the servcanotor t o  function.  Since the  
error controll ing the system is a function of both the r o l l  displacement 
and the   ra te  of roll displacemnt and the  applied  control mament is a 
constant t o  the right o r  left, the term displacemnt-plus-ate response, 
flicker-type system is  applied.  Reference 2 repr ts  the successful use of 
such a system on a current  research  pilotless  aircraft .  

Since the  subject system is essent ia l ly   nonl inear ,   a t tent ion is called 
to  references 3, 4, and 5 which include  additional methods of analysis f o r  
nonlinear  system. 

In this analysis of the ro l l i ng  motions of an aircraft s tabi l ized in  
roll by the  displacemnt-plus-rate response, flickm+type  automatic  control 
system, several assumptions are made: 

(1) There i s  a constant time lag i n  the operation of the servomotor, 
t h a t  is, the  application of the  constant rolling moment t o  the  a i r c ra f t  
occurs at a finite time after the er ro r  signal is applied t o  the servomotor. 

( 2 )  The reversal of the  control moment after the time lag  is  assumed 
t o  be instantaneous. 

( 3 )  The a i r c ra f t  response to   the  constant  rolling momnt i e  found from - 
the  single-  degree- of-freedam, rolling-moment equation. In  this analysis 
t h i s  rollinginolaent  equatfon is wri t t en   i n  t e r n  of actual  moments and not 
in   coef f ic ien t  form. Hence, t h e   d a m p i ~ i n + r o l l  and the aerodynamic roll- 
control  effectiveness must be specified by definite  conditions of velocity 
and dynamic pressure. 

( 4 )  The case of out-of-trimmoments  producing roll has been omitted. 

The mathematical procedure  used i n  this analysis i s  c lose ly   re la ted   to  
tha t  of reference 1 and i s  presented i n  t h i s  paper as the appendix. The 
analysis i s  br ie f ly  summarized i n  four  steps: 

(1) The conditiona that caus'e a change in   the  s ign of the  error   are  
f emulated. 

( 2 )  The an@;le+f4mik variation during a complete cycle of a rolling . 
osc i l la t ion  is  wr i t ten   in  terms of the general aircraft and system par- 
e t e r s  which define the motion. 

d 
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% (3) The conditions  required  for the uniform oscil lations at slteady 
state are found. 

(4) The genera3 expressions which define the amplitude and -period of 
the  8teady”state  oscillations a m  found. 

Although the  case of out-of-trim mmnts prducing r o l l  is not 
considered herein, it is believed that a mthod similar t o  that ueed i n  
reference 1 cap be applied t o  the displacement-plw-rate response, flicke- 
typ system. 

The displacemnt-plus-rate response, flfcker-;type roll etabi l izat ion 
system is characterized by the  tendency of the  automatically  controlled air- 
c r a f t   t o   o s c i l l a t e  at a definite amplitude and ,frequency. These resultant 
osci l la t ions are defined as steady-state oec i l la t iom.  The motions of the 
a i r c ra f t  in  approaching  steady state following a disturbance are not 
considered herein; however, a method s imi l a r   t o  that used in reference 1 for  
the displacement response, flickelYtype s y s t e m  or a graphfcal method may be 
employed f o r  t h i s  transient state. 

In this  section.anl;g  the  equations that were used f o r  plotting the - included curves are presented, their   derfvations being in the appendix. All 
of the symbols used here and in the appndix have been  presented in  a 
previous sect Ion. 

L 

Required Parm.eter8 

The analysis shows that five primary’ paramstera are required t o  define 
the  steady-state ro l l i ng  oscillatJons of the  a i rcraf t .  These are: 

(1) TIIB ro l l ing  U r t i a  of the a i r c ra f t ,  I, 

(2) The damping in  roll of the aircraft, Lp 

( 3 )  The control moment causing  the  aircraFt t o  r o l l ,  L 

(4) The constant  time lag i n  the operation of the servomotor, T 

(5) The proportional rate factor  of the  subsidiary  feedback loop, A .  

All of these parameters must be b o r n  or  estimated  before  the  amplitude and 
&eriod of the  steady-tate  oscillations can be  determined. 
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The results of the analysis are presented in terms of three factors 
which Include all of the parameters mentioned. These factors are: 

lag factor  K which is defined as 

amplitude factor  B which is defined as 

rate factor R which is defined as 

Each of these factors is used i n  finding the amplitude and period at steady 
state. 

Steadyatate  Amplitude 

The amplitude of the s t e a d y 4 a t e   r o l l i w   o s c i l l a t i o n a  is defined as 
one-half  the t o t a l  angle-of-bank displacement. The t o t a l  displacement wae 
found fromthe expeasions for  the maximum angles of bank: for each half 
cycle of a ste*+tate roll ing  oscil lation. The amplitude A of the . 
s t e e d y 4 a t e  oscillations is given as 

7 

where C, is  the fraction of the maximum rate of r o l l  that exis t s  at the 
tins the  sign of the  error changes, that is, when the servomotor is 
signaled t o  reverse. 

It has been shown i n  the  appendix that the steady-etate value of Co is 
a function of K and R and that once K and R are defined, Co iB 4 
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unique. A t  steady  state, therefore,  the  bracketed term of equation (1) is  
completely  determined.  Since  the  steady-tate  amplitude var ies   direct ly  
with the amplitude factor,   f igure 2 is given as the eolution of equation (1) 
and presents  the  variation of the r a t i o  of A/B with K f o r  various  values 
of R. (The value of A computed f r a m  this f ig .  i s  in  degrees. ) 
Figure 2(a) is presented for amal l  values of K .against  A/B for vmioua 
values of R. Figure 2(b) is given  for larger  value^ of K against R f o r  
various values of A/B . 

Steady-state Period 

The 
required 
s t a t e  is 

period of the steadydtate   osci l la t ions is defined as the time 
t o  complete one cycle. The equation for the  period P at steady 

Although the nondiIn9nsional rate factor  ,R is not expl ic i t  in qua- 
t i o n  (2), it is necessarily  implied  since the steady-state vdue of Co is 
defined by both K a d  R. Figure 3 is the graphical  interpretation of 
equation (2) for the  steady  state and is a plot of the r a t i o  P/T against 
K for various values of R. A t  the values of I(: and R f o r  the particular 
system, the  value of P/T read from figure 3 multiplied by the lag time will 
give the period of the   s teadpata te   ro l l   osc i l la t ions .  

Attention is c a l l e d  t o  the fact that the  period does not varg di rec t ly  
with the   l ag  time a l t h o r n   t h e   c m e  is presented in terms of the r a t i o  of 
the period to the Lag time. This f a c t  is true because  the value of IT is 
also a function of T. For example, at a par t icular  R, the  doubling of T 
does not  exactly double the p r i o d  since the vdue of P/T i s  changed due 
t o  the  resultant doubling of K. 

DISCUSSION OF R3SULTS 

To show more c lear ly  the effect  of the rat-f-roll component on the 
operation of the complete  system, a c o m ~ s o n  can be =de between the 
system with and without the rate-sensitive  element, that is, between the 
displacement  respanse  and  the  displacement-plus+rate response, flicker- 
type systems. 

Referring t o  figure I, the purpose of the rate of sensit ive elemnt , 
the different ia tor ,  is t o  cause the  error E , which energizes   the  servmtor ,  
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t o  be a function of the  roll ing  velocity as well as the   ro l l  displacement. 
Without the  differentiator  the servomotor i s  signaled  to  reverse when the 
bank angle 9 equals zero. (The referents bank angle p i  i s  considered 
zero  herein.) It is  evident  that  the  amplitude of the  roll ing  oscil lations 
could be reduced if the signal for  reversal  of control maments could 0, * C U T  
as the  a i rcraf t  i s  approaching  the  zero  reference  position. T h i s  affective 
leading signal is obtained by using the   differei t ia tor  whose output q i s  
proportional to  the  roll ing  velocity,   since the eignal  reversal w i l l  then 
occur when the bank angle fl i s  equal to  the  differentiator  output v .  

The reduction in Etmplitude of the steady-tate roll ing  oscil lations 
due to  the  addition of the  rate-sensitive element i s  shown in   f igure 4. The 
ordinate i s  the   ra t io  of the  amplitude  with  the rate factor R t o   t he  
amplitude when R = 0, that is, the   ra t io  of the  amplitude of the 
displacemsnt-plu8-rate  response , f l icker  system t o   t h e  displacement  response, 
f l i cker  system. The abscissa is the nondimanaional ra te   factor  R, and the 
curves are presented for  various  values of the nondimensional lag factor K. 

In   addi t ion  to  showlng the  beneficial   effects of the  rate component on 
the  amplitude,  the  expected benefits of a reduction of servomotor  operating 
lag are a lso  revealed. For displacement-response system where the 
operating 1% cannot easi ly  be further reduced., the  addition of the rate- 
sensitive element  appears t o  be the obvious s tep  to   take in  the improvement 
of amplitude chmacter is t ics  of f l icker4ype system as descrfbed  herein and 
i n  reference 1. 

An accompanying effect  of the  addition of the ra te  component to   the  
system is a corresponding  reduction i n  the  period of the  steady+tate 
oscil lations.  For the range of valms of K Eihm on figure 4, the 
reduction  in  period results i n   t he  frequency of the  oscil lations w i t h  the 
ra te  component being  approximately  three  times the frequency  without t h i s  
elemnt  for  the  highest  values of R considered. In pract ice   this  feature 
may be undesfrable if the  response  characteristics of an element of the 
system a r e  frequency  variant. An example of such an application is  the use 
of a rate gyroscope as the  rate-eensitive element. In  order. that   the 
response of the  rate-gyroscope system be reaeonably linear wlth  respect t o  
ths  roll ing  velocity,  it m m t  operate well below i ts  natural frequency. 
Consideration  should be given,  therefore, t o   t h i s  and any other  characteristics 
t h a t  may be influenced by the  increase i n  the  frequency of osci l la t ion due 
t o  increased  values of R. This effect  of the  ra te   factor  R on the period 
can also be noted on figure 3 ,  For any value of the nondimensional lag 
factor K,  the p r l o d  f o r  any R is always less than the value f o r  R = 0, 
the  displacement  response  case. 

From the  preceding  discussion it i s  recognized that the  adjustlnent of 
the  rate-sensitive element  can,  within  reasonable limits, afford an 9xce.k- 
tional  mount of control over the  amplitude of the  rol l ing  osci l la t ions 
experienced in  the  automatically  stabil ized  aircraft .  
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Table I has been p-epsred in an efforL to   ind ica te  whether or not the 
topic  automatic r o l l  s tabi l izat ion system might be of value i n  current 
problems. The aircmft sham are not  identical. w i t h  any particular  pilot- 
less a i r c ra f t  designs, althorn current  trends m e  revealed i n  the maepitde 
of the  characteristics  presented. Also sham fn table I is a comparison of 
the amplitude and period f o r  the displacement  response  (reference 1) m a  tb  
displacement-plus-rate  response,  flicke>type aptems f o r  the same aircrflt. 
The value of the proportional rate factor  h wae chosen  very a rb i t r a r i l y  
and is not intended to   i nd ica t e  a most aatiefactory or  opt- value. It 
is actually the value found for the syetem  used in the roll-simula;tor tests 
discussed later in this report. It i s  noted in the examples given that the 
rate element  came8 a reduction fn the s t e a d y d a t e  amplitude t o  as much as 
ons-thirtieth of that found f o r  the displacement responee, f l i cker  system. 
The accmmying  increase in the frequency of the steady-state oscillations 
is  shown by the reduction i n  the period. For a i r c ra f t  2 and 4 where the 
displacement-respe system gives very large amplitude oscil lations,  the 
sgstem.with rate decreases the amplitude t o  d u e s  of a more tolerable 
magnitude. The e f fec ts  of lag are shown fo r  aircraft 3.  

Although no special trends as t o   t h e  effects of the other parazneters 
can be determined from thls table, the method presented herein allows a 
rapid  determination of the effec ts  of changes in the various  factors w i t h  
velocity,   al t i tude,  Mach number, and so forth. 

RollSlmulator Tests 

. In order t o  substantiate these theoretlcal   results,   experbmntal  tests 
were run using the r o l l   s l m d a t o r  developed by the lhstrument Research 
Division of the Langley Aeronautical Laboratory. This instrument is a 
singldegree-of-freedom system which is  controlled bg a n  actual automatic 
system mounted on a moving table. The control  torque-t+inertia  ratio and 
a i r c ra f t  damgdqyto-inertia r a t i o  m e  electranechamicaJly simulated. 

A gyroscopic unit comprising  both  displacement and rate gyroscopes and 
an electrically  operated servomotor were wed as the displacement-plus-rate 
response, flickex-type  automa.tic s tab i l iza t ion  sgs t em.  Thi~ system is 
schematically represented in  figure 5. The rider arm is attached t o  the 
outer gymbal of the  displacement ggroscope asd remains oriented,  pro;riding 
the zero space  reference. The commtrtator drum is attach3d t o   t h e  mounting 
case of the displacemsnt  gyroscope  through the rate gposcope linkage and 
rotates  as the a i r c ra f t  displacement is changed. The rate gyroscope is  
mounted t o  be sensi t ive  to   rol l ing  veloci ty  aad is sgring-restrained about 
its precessional- axis. The commutator drum is also rotated through an a T 1 g . k  
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proportional t o   t h e  war deflection of the ra t e  &roscope m d  thus 
proportional t o  the rolling veloGity by a suitable linkage. The contact 
of the r ider  a r m  x i th   e i ther  of the s e p n t s  of the cammutator drum 
energizes  the servomotor,  causing the control manasnt t o  be reversed and 
maintained until a control reversal i s  again signaled. 

The resu l t s  of two simuktor tests are presented i n  table 11. These 
resu l t s  are conaidered to be i n  good agreemsnt with the theoretical. results 
because of the  following  restriction $aced on these tests: The rate 
@;gros.cope used had stops which limited i ts  deflection;  therefore,  for th2 
present  theory t o  apply, only those  conditions M c h  enabled  the  system 
to  funct ion without t h s   r a t e  gyroscope hi t t jng or  remaining on the etoFs 
had t o  be employed. In each  case the &mping4c+irwrtia ratio  requirsd 
w a s  out of the linear range of simulation  for  the  instrument. 

A general  analysis of the steady  rolling  oscillations of a i rc raf t  
using a displacement-plus-rate  response, f l icker-tm  automatic  roll  
s tabi l izat ion system has been  presented. This system may not be considered \ 

sat isfactory  for  m y  stabi l izat ion problems because of the  inherent  steady 
osc i l la t ions ;   hmver ,  this flicke-ty”  system appears promising where 
steady-state  oscil latims may not be objectional.  Current  trends i n  
pilotless-aircraft  designs  indicate that the Oopic system cazl pmvide r o l l  
s tabi l izat ion with small amplitude residual oscil lations.  It has been 
shown that the  addition of a rate-sensitive element t o . t h e  displacement 
response,  f1ickel.tty-p system of reference 1 i s ’ an   e f f ec t ive  method of 
improving the  amplitude  characteristics. Accompaay3ng the  reduction of 
the  steady+tate  amplitude due t o  the Ate  component is an increase  in  the 
frequency of the  roll ing  oscil latione.  Charts have been  presented f o r  the 
determination of the amplitude and period of the  resultant  ateady”etate 
oecillationa, and the8e theoretical considerations have been sham to be i n  
close agreement with roll”simulator tests. 

Langley Aeronautical  Laboratory 
National  Advisory Committee for Aeromutice 

Langley Field, Pa. 
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APPENDIX 

c 

. 

DERIVATION OF EQUATIOES 

Basic  Equations of Motion 

The right-hand member of equation (1) is the  constant  control moment. The 
solution of t h i s  linear differential   equation  yields ';he relationships 

where $(O) and p(0) me, respectively,  the angle of bank and rolling 
velocity at 'the time origin cGn8idered. 

Equations (2)  and (3) are modified in form f o r  me i n   t h i s  paper. It 
is  evident that the  variations  expressed by these  equations are those which 
f o l l o w  the initial conaftions  defined when t = 0. Herein, the notation &t 

origin where At = 0, thus allowing the .equations t o  be t ranslated along the 
time axis when proper consideration i s  glven t o  fnitial conditions,  that is, 
Thenever A t  is defined as zero. A second change 1s mde through the use 
of the substi tution of 

is used i n  place of t and Fndicates tlme i m r e m n t s  measured from a defired 



where a i s  termed the damping-t-inertia r a t i o  and the ver t ica l  bars 
indicate  the  absolute magnitude. The  final modification i s  the expressj on 
of p(0) as a f’raction  of the maximum roll ing  velocity.  From equation ( 3 )  

L 
pmax =-- LP 

and 

where C is the fraction of p- . a t  the  t- o r i a n  (At = 0) considered, 

Maklng these changes, the  basic  equations of motion are 

-a At 
+ a At  - (1 - C) + $(o) I (4) 

Signal. Reversal 

The time of signal reversal of the system is  defined as the time at 
which the  sign of the error  changes, the e r ror  s i g -  change causing the 
servomotor t o  reverse.  Actual  application of the reversed  control marnsnt 
OCCUTB T seconds a f t e r  signal reversal. 

whara $1 is a reference bank .angle and is taken a8 zero herein, 9 is th s  
actual bank angle, and q is  the out put of the dif ferent ia tor  in  the sub- 
sidiary feedback  loop. Thus, the action of the servomotor 3- be written as 
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It is recognized that the conditions at signal reversal are therefore defined 
by i = 0 or  

The purpose of the   d i f fe ren t ia tor   i e  t o  prmide an ef fec t  of lead into 
the automatic  control sptem; that is, the signa3 reversal i s  t o  occur while 
the a i r c r a f t  i s  approaching the zero reference  position due t o  the ra te  of 
roll ing  instead of at the zero reference, as in the  case in the  displacement 
response, f l i c k e e y p e  aptern. The output q of the different ia tor  is 
writ ten as 

whera the negative sign i s  required i f  the action of the subsidiary  feedback 
loop is t o  cause the system t o  lead. The factor A is the rate propor- 
t iona l i ty   fac tor  w i t h  the units radiam per radian per aecond. Substituting 
in to  equation (7) gives 

as the  conditions xhich rmrst exis t  s;t signal reversal. 

Since  the =iqm value of the rol l ing  veloci ty  cam be defined, the 
maximum value of q can be represented as 

The following notation is  convenient f o r  use herein: 

Tqhere C is  defined as a fract ion of tha mRxirmrm ra te  of roll and has  the 
sign of the rol l ing velocity at the iwtan-b .considered. 
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These conditione  at signal reversal and the  basic  equations of motion 
can be used to describe  the  angle-of-bank  variation  during a cycle of the 
roll  oscillations. 

First Half Cycle of R o l l  Oscillation 

A general description of a rolling  oscillation  is begun by considering 
the  aircraft  banked to the left with  the  constant  right  rolling  moment 
rolling the  aircraft  to  the,  right. (See fig. 6 . )  The condition of signal 
reversal is also assumed (Po = yo) and is given by At = 0, @(O) = go, 
and C = CO, the  numerical  subscript referring to point 0, figure 6 .  From 
equat  ion ( lo )  . 

fibm equatlons (4.);’ ( 5 ) ,  and (10) the a,ngle of bank, rolling velocity, and 
differentiator  output  variations  during the interval  between  points 1 and 2 
( f ig .  6 )  are written a s  follows: 

Since  conditions of signal reversal  were assMled at point 0, the  actual 
reversal of the control  moment  occur~l  after a lag period of 7 seconds,  or 
at  point 1 (fig. 6 ) .  Substituting  At = T into  equations (12), (13), 
and (14), and defining  the  nondimensional lag factor K aT, the  conditions 
at  control  reversal are found to be 
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where C1 is positive since the roll i s  t o  be right and is given by 

The mtion following the  reversal of the control mament, expressed 
as $12, is found by the superpoaitian of the incremental change8 in bank 

induced by the  reversal of the control moment. The control moment considered 
herein is an aerodynamic contrdl moment expressed by 

where 6 is the combined maxlmum differential  aileron-deflection (measured 
from zero deflection) used aa a flicker  control and is the control- 
effectiveness parameter. Since the flicloseype  control cauees a change 
from maximum control  deflectfan  in one direction t o  maxhuum i n  the other, 
the incremental changes in  bank induced by control  reversal are found by 
considering  the  control moment as twice that given by the previous equation. 
Time increments i n  this case are t o  be from control  reversal, point 1, Kith 
the  ini t ia l  conditione at this point considered. 

9, = B k l  - C l ) e 4  at + a At - (1 - C1) + $1 1 
- 2B (e4 at + a At  - 1) 

where pl is given by equation (15) and €3 is t e m d  the amplitude factor 
and is  defined as 
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Substituting equations (18) for C1 and (15) fo r  pl, t he  etngle-of-bank 
variation following control reversal takes the-form 

rt is now assumed that point 2 (fig.  6 )  represents the tima of the  
next signal. reversal. This condition w i l l  be satisfied when 

Differentiating (20) and substi tuting t12 for the tim increment i n  reaching 
point 2, the -fraction C2 of the  maximum rolling velocity existing there is 
found t o  be 

The following angles are also required: 
J 

. 

It i s  evident a t  this  point that the remainder of the cycle could be 
defined i n  a eimilar way; however, this is not required in the evaluation 
of steadyrrtat'e  conditions. 

Conditions at Steady State 

A t  steady state, with no out"of-trim moments producing ro l l ,  the oscil- 
la t ions are  syrmnetrical  about the zero angle of bank refemnce  position. The 8 



L 17 

angles of banlc and rol l ing  veloci t ies   exis t ing at si- reversals m u s t  
therefore be the negatives of one another. The following conditione there- 
fore   ex is t  st steady  state: 

c* = 4o 

From eqwtion (22) it ie possible t o  eolve f o r  the time t o  reach Cg. 

The lef$”hand nmmber of equation (26) is equal t o  +?go because of the 
steadydtate  conditions and may be wri t ten as 

-2g0 = -2q0 



18 - NACA RM No. L8EZ23a 

Substituting this in to  equation (26) and us ing - the   expse ion  for the 
amplitude factor B gives 

or 

w h e r e  R is termed the nandimenelonKi mte factor and. is deflned by 

Equation (27) is  called the  conditional. equation f o r  a half cycle. It 
is the  relationship that must exist between the factors at steady  state. 
Since K and R are defined by a i rc raf t  and system pmarmters,  the Co 
existing at steady state l e  determined. 

Steadyatate  Amplitude Equation 

The amplitude of the osci l la t ion is defined as one-half the t o t a l  
amplitude  displacement.  Since  the  oscillatiom are symmetrical  about t h e  
reference axis, it is  only necessary t o  find the maximum angle of bank. The 
time t o  reach zero rate of r o l l  waa found from the  dlfferentiation of 
equation (20).  This time ya~l eubstftuted  into  equation (20), and the 
amplitude w&s fomd. t o  be gfven by 

A t  steady  state  the  bracketed  term is defined f o r  a given K and R, and 
the amplitude may be presented as A/B as a function of K and R. 



~ 

one cycle. 

Using equat 

Steady-State Perioa Eqmtion 

It is evident then that the period 

P = 2( 7 + t12) 

The period of the oscillation is defined &8 the time required to Complete 
P i6 

ion (25) for t12, the period is written finally a8 

P = 27 [ - $-? E - 4) (30) - (1 - C o l e -  

Althou& the nondinrsneional rate factor  R is not emlicit in e q w  
tion (30), it is necessarily implied since, at steady state, C, is re lated 
t o  both K and R. 
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Roll Simrlator Tests 
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(a) Ear Bmall values of K. 

Figure 2.- Chart for determlnlng the steady-+tab amplitude. - 
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Figure 3.- C h a r t  for determining the  ateacIy+tate period. - 
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Figure 5.- Schematic diagram of the displacement-plue-rate response, flickerctype system used In the 
roll simulator tests.  
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